We mainly investigate four generated four-wave-mixing (FWM) signals, and second-and fourth-order fluorescence (FL) signals, simultaneously in a cascade three-level atomic system of sodium, in which dual electromagnetically induced transparency windows are used to enable transparency of the generated FWM signals. The moving and immobile two-photon dressing effects on the FWM and multi-order FL signals as well as the interaction of dressing effects are studied. Furthermore, we investigate the spontaneous parametric FWM signal and spatial images of the transmitted probe signal modulated by the cross-Kerr nonlinearities effect of the dressing field both experimentally and theoretically. The study may find applications in all-optical communication.
INTRODUCTION
Electromagnetically induced transparency (EIT) in multi-level atomic systems has attracted a lot of attention over the last two decades from all over the world [1, 2] , because laser beams can pass through the medium with very small absorption in the EIT window. It has been reported that the atomic coherence can significantly enhance and modify the crossKerr nonlinearities [1, 3] , which are essential in generating large refractive index modulation [4] . With the nonlinear refractive index changed, laser induced focusing [5] and pattern formation [6] have been extensively investigated with two laser beams propagating in atomic vapors.
The enhanced-nonlinear optical processes with EIT were first studied by Harris et al. [7] , and then many researchers used this resonant process to enhance nonlinear processes [8, 9] . Enhanced four-wave mixing (FWM) due to atomic coherence has been experimentally reported [8] . Multiwave-mixing processes at low light intensities and slow-light conditions also open a way to explore quantum nonlinear optics and quantum information processing in the EIT medium [10, 11] . Under EIT conditions, the coexistence and interference of two nonlinear processes due to atomic coherence have been reported [12] [13] [14] . Furthermore, the nonlinear processes based on EIT play an important role in the generation of narrow-bandwidth biphotons, which are ideal for many recently proposed schemes for long-distance quantum communication based on coherent interaction between single photons and atomic ensembles [15, 16] . Balic et al. [17] and Kolchin et al. [18] generate time-frequency entangled narrowband biphotons in a double-Λ system by using EIT-assisted FWM in cold atomic-gas media. Besides, in a "double-Λ" configuration, if the intensities of the "pump" beam are strong enough, a third-order nonlinear parametric process occurs where Stokes and anti-Stokes photons are parametrically generated [19, 20] . Usually, such a third-order nonlinear parametric process has possible applications to quantum imaging. Also, multi-order fluorescence (FL) induced by spontaneous emission under EIT conditions in the atomic vapors as well as the Autler-Townes (AT) splitting of FL in lithium molecules have been studied [21] . Other works have shown the potential application for long-distance quantum communication including optical qubit storage and retrieval [22, 23] .
In this paper, we report our experimental demonstration of the simultaneous generation of four FWM signals, three multi-order FL signals, and a spontaneous parametric FWM (SP-FWM) signal in a cascade three-level sodium vapor, in which dual-EIT windows are used to enable the transparency of the generated FWM signals. By turning off different incident beams, we can distinguish these signals easily. Moreover, we can control two different two-photon dressing effects and the self-/external-dressing effect on these signals, which can be achieved by changing certain physical parameters (such as different frequency detunings and powers) in two EIT windows. Besides, the transmission of the spatial probe signal is modulated by the dressing effect. Correspondingly, the focusing effect of probe images is controlled by dressed cross-phase modulation (XPM). We also carry out theoretical calculations to explain the experimental results. The organization of the paper is as follows: in Section 2, we briefly introduce the experimental setup and basic theory; in Section 3, we show the experimental results and corresponding explanations; and in Section 4, we conclude the paper.
EXPERIMENTAL SETUP AND BASIC THEORY A. Experimental Setup
This experiment is carried out in sodium atomic vapor involving three fine energy levels including 3S 1∕2 j0i, 3P 1∕2 j1i, and 4D 3∕2 j2i as shown in Fig. 1(a) , in which four FWM signals can be generated. Ω 1 and Ω 2 are the resonant frequencies for transitions j0i↔j1i and j1i↔j2i, respectively. The laser beams are aligned spatially as shown in Fig. 1(c) . A horizontally polarized probe field E 1 (frequency ω 1 , wave vector k 1 ) from a dye laser (repetition rate, 10 Hz; pulsewidth, 5 ns; linewidth, 0.04 cm −1 ) pumped by an injection-locked single-mode Nd:YAG laser transits particles in j0i↔j1i. The fields E 2 ω 2 ; k 2 and E 0 2 ω 2 ; k 0 2 as well as another two fields E 3 ω 3 ; k 3 and E 0 3 (ω 3 ; k 0 3 ) drive j1i↔j2i, from the other two similar dye lasers. Figure 1(b) shows the "double-Λ" configuration by taking the hyperfine structures (F 1j0i and F 2 (j0 0 i of the ground state 3S 1∕2 into consideration. Figure 1(c) shows the geometry structure of the laser beams. E 2 and E 3 are in the opposite direction of E 1 , whereas E 0 2 has a small angle θ 12 0 (∼0.3°) with E 1 and E 0 3 also has a small angle θ 13 0 (∼0.3°) with E 1 , where θ 12 0 is larger than θ 13 0 . All five laser beams (E 1 ; E 2 ; E 0 2 ; E 3 , and E 0 3 ) are in the same plane.
B. Basic Theory
In the system (Fig. 1) , four FWM signals will be generated when the five laser beams are involved. Here, we define four FWM signals as E F1 ; E F2 ; E F3 , and E F4 . According to the spatial configuration [ Fig. 1(c) ], the corresponding phasematching conditions of E F1 , E F2 , E F3 , and
, respectively. Thus, the emitting directions of E F1 and E F2 are the same and along the opposite direction of E 0 2 ; E F3 and E F4 are in the opposite direction to E 0 3 . Generally, the perturbation chain (Liouville pathway) is introduced to explain the probe field E 1 , FWM, and multi-order FL signals.
First, the absorption of probe field E 1 in propagation is proportional to the imaginary part of the first-order density matrix element ρ (a) (b) (c) 
where A 
and ρ
, taking the dressing fields into consideration, two fourth-order FL signals (denote as R2 and R3) can be written as
where 
EXPERIMENTAL RESULTS AND DISCUSSION

A. Blocking Different Fields
In order to distinguish four FWM signals, we study the spectrum of FWM and multi-order FL signals by scanning dressing field E 2 E 0 2 and blocking different fields with Δ 1 −13 GHz and Δ 3 −14 GHz.
Figures 2(a1)-2(a9) show the spectrum of composite signals E F1 and E F2 in the opposite direction of k 0 2 . Only background signals are shown in Figs. 2(a1) and 2(a3)-2(a5). This is because the phase-matching conditions of E F1 and E F2 are not satisfied. An emission peak appears in Fig. 2(a2) because of the generation of E F2 induced by the two-photon term [Γ 20 iΔ 1 Δ 2 ] in Eq. (4b). In Figs. 2(a6) and 2(a7), only E F1 is generated because E F2 disappears when E 3 is absent. The emission peak of the E F1 signal is also induced by the two-photon condition [Γ 20 iΔ 1 Δ 2 ], but in Eq. (2). In Figs. 2(a8) and 2(a9), both E F1 and E F2 can be observed because the generation conditions of them are satisfied simultaneously. Thus, the emission peaks in Figs. 2(a8) and 2(a9) are the largest.
Figures 2(b1)-2(b9) show the spectrum of composite signals E F3 and E F4 . Figure 2 (b1) only shows the background signals of E F3 because E 2 and E 0 2 are both blocked. When E 2 is on, a suppression dip appears in E F3 as shown in Fig. 2(b2) , which is caused by the dressing term jG 2 j 2 ∕d 2 in Eq. (3). In Fig. 2 (b7), when only E 3 is blocked, an emission peak of E F4 is observed, which is induced by [Γ 20 iΔ 1 Δ 2 ] in Eq. (5a). In Fig. 2(b3) , as the emission peak of E F4 exactly overlaps with the suppression dip of E F3 when E 0 2 is blocked, a small dip (inset) appears. However, in Figs. 2(b4)-2(b6) and 2(b8), with E 0 3 blocked, both E F3 and E F4 do not exist, but there are still suppression dips. In this case, another process called the SP-FWM process occurs when E 1 is involved. Therefore, two weak field Stokes (E s ) and anti-Stokes (E as ) signals, satisfying the phase-matching condition 2k 1 k s k as [ Fig. 1(b) ], are generated. Meanwhile, E s and E as emit conically with the same angles of E F1;F2 and E F3;F4 . According to the spatial configuration [ Fig. 1(c) ], one can see that E s and E F1;F2 signals appear in one channel while E as and E F3;F4 signals are in the other channel. So, the dips in Figs. 2(b4)-2(b6) and 2(b8) are considered to be the suppression of E as induced by the dressing fields E 2 and E 0 2 . Also due to the absence of FWM, the baseline in Figs. 2(b4)-2(b6) and 2(b8) is much lower, because the SP-FWM signal is weaker than the FWM signal.
In order to explain the SP-FWM signals specifically, the two weak fields E as and E s are evolved into the Hamiltonian system when they propagate in the nonlinear medium. The measured intensities of output signals are proportional to the photon numbers, which are given by [24] hN s i Ω − 1m∕n; (9a)
where m −iω s χ 
10as . When the dressing effects of E 2 E 2 and E 3 E 3 are taken into account, ρ 3 s;as can be written as 
3 and E 0 2 , (6) E 3 and E 0 3 , (7) E 3 , (8) E 0 3 , and (9) none.
where Fig. 2(c1) . But with only E 2 E 2 0 blocked in Fig 2(c2) [2(c3) ], a small suppression dip appears in the total signal R0. This is because the two-photon emission peak interplays with the suppression effect to R1, R2, and R3 induced by dressing fields E 2 E 0 2 and E 1 . However, an emission peak appears in Figs. 2(c4) and 2(c5) when E 3 and E blocked, an obvious suppression dip on background is displayed in Fig. 2(c6) . The remarkable suppression dip is caused by the strongest dressing effects of E 2 and E 0 2 . However, the highest baseline of the background composed by R1 and the single-photon (Γ 10 iΔ 1 ) FL in R2 increase because of the disappeared dressing effects of E 3 and E 0 3 . When all fields are on, or only E 3 E 0 3 is blocked, only relatively small suppression dips are shown in Figs 2(c7)-2(c9). This is because the dressing effect from E 2 and E 0 2 , to the single-photon (Γ 10 iΔ 1 ) FL in R1, R2, and R3, is dominant when the dressing effect of E 3 and E 0 3 acts on R1, R2, and R3.
B. Detuning Modulation
In this subsection, the moving and immobile two-photon dressing effects on four FWM signals and multi-order FL as well as the spatial probe field E 1 are studied by changing the frequency detunings of different laser fields except E 3 .
For simplify, E F1 and the transmission of probe signal E 1 versus Δ 3 are investigated by changing Δ 1 , as shown in Fig. 3 3 is scanned, a suppression dip can be observed in E F1 due to the dressing effects of E 0 3 from the term jG 0 Fig. 3 (a) when Δ 1 varies from large detuning to the resonant point, which is the two-photon emission peak determined by the term Γ 20 iΔ 1 Δ 2 in Eq. (2). For the probe signal E 1 , the signal evolutes from EIA (bright state), to EIT (dark state) and then to EIA, as shown in Figs. 3(b1)-3(b7) . Such evolution is also caused by E 0 3 , which is induced by the term jG 0 3 j 2 ∕d 3 in Eq. (1). Correspondingly, the EIA condition is
q 0, while the EIT condition is Δ 1 Δ 3 0. Similarly to the E F1 signal, the shift of the EIA/EIT in the E 1 signal is shown in Figs. 3(d1)-3(d7) . Meanwhile, the image of E 1 is modulated by XPM of E 3 and E 0 3 shown as in Figs. 3(f2)-3(f4) corresponding to the spectrum of E 1 in Fig. 3 (e) at Δ 1 −35 GHz. In Fig. 3(e1) , there is no variation of E 1 as well as the images in Fig. 3(f2) when E 3 and E 0 3 are both blocked. If one of them is open, a small EIT window appears in E 1 as shown in Fig. 3(e2) , which is similar to that in Fig. 3(b3) . The corresponding images in Fig. 3(f3) also show the variation. When all beams are on, a strong EIT window appears in Fig. 3(f3) and in the images in Fig. 3(f4) . Compared with the invariable images in Fig. 3(f2) , the images in Figs. 3(f3) and 3(f4) focus more at the EIT window location than other places, due to the XPM of E 3 and E 0 3 . Now, the transverse nonlinear phase shifts [25] focusing more at the EIT window position when E 1 overlaps with E 3 and E 0 3 in the medium. Additionally, the focusing effect is related to the nonlinear phase shift ϕ 3 ϕ 0 3 , which is proportional to the cross-Kerr coefficient n 2 and the intensity (I) of the strong field. As a result, the images of E 1 at the EIT location focus more strongly when E 3 and E 0 3 are considered together [ Fig. 3(f4) ] than without E 3 [ Fig. 3(f3) ].
In order to further investigate the two-photon dressing effect on FWM signals and multi-order FL signals, the evolution of signals versus Δ 2 is studied as shown in Fig. 4 , where Δ 1 13 GHz is fixed and Δ 3 is set to different values. With E 3 blocked, only an emission peak of E F1 appears in Fig. 4(a) , which satisfies the two-photon condition Δ 1 Δ 2 0 determined by the term Γ 20 iΔ 1 Δ 2 in Eq. (2) . When Δ 3 is close to −Δ 1 , the emission peak becomes small [e.g., Fig. 4(a4) ] due to the dressed effect of E 0 3 [i.e., jG 0 3 j 2 ∕d 3 in Eq. (2)]. In Fig. 4(b) , the signal switches from pure suppression to partial enhancement/suppression as Δ 3 varies from large detuning to −Δ 1 . The enhancement of the signal is the emission peak of E F4 , satisfying the three-photon condition Δ 1 Δ 2 − Δ 3 0 in Eq. (5a). The suppression dip is induced by the dressing effect of E 2 and E 0 2 on E as [determined by the term jG 2 j 2 jG 0 2 j 2 ∕d 2 in Eq. (10b)]. According to the above analysis, the threephoton condition can be modulated by Δ 3 slightly; the corresponding emission peak is indicated by the short-dashed line in Fig. 4(e) . But the locations of two-photon emission of E F1 and the suppression of E as remain. Such a process is shown in Figs. 4(d) and 4(e) more clearly (indicated by the dashed lines). Meanwhile, the background baseline of E as decreases when Δ 3 is close to the two-photon resonance condition (Δ 1 Δ 3 0), due to the dressing effect of E 0 3 , which is similar to the suppression by scanning Δ 2 . In order to interpret the experimental results in Fig. 4(b) , theoretical calculations are carried out, as shown in Fig. 4(g) . The suppression of E as and the generation of E F4 processes are calculated separately in Fig. 4(g) . If they are combined together, the total signal agrees well with the experiment results. For the multiorder FL signal [ Fig. 4(c) ], a suppression dip always appears in each signal by scanning Δ 2 , although Δ 3 is different. The background is also suppressed. To explain the phenomenon clearly, we should analyze multi-order FL signals R1, R2, and R3. Here, we restore this process theoretically in Fig. 4(h) . When E 2 and E 0 2 are scanned, the background is formed by R1 and R3. By changing Δ 3 , the background signal of R1 is suppressed [induced by jG 0 3 j 2 ∕d 3 in Eq. (6)], and a two-photon emission peak of R3 is satisfied. But the suppression of R1 is stronger than the emission of R3. As the result, the baseline of the total signal R0 reduces when Δ 3 is near −Δ 1 . When Δ 2 is scanned, the total signal R0 is the combination of the emission with AT splitting of R2 and the suppression dips of R1 and R3. The suppression dip of each signal in R1, R2, and R3 is caused by the dressing effects of E 2 and E 0 2 [i.e., jG 2 j 2 jG 0 2 j 2 ∕d 2 in Eqs. (6)- (8)]. The emission peak in the R2 signal is induced by Γ 20 iΔ 1 Δ 2 in Eq. (7). However, R0 shows a suppression dip because the suppression effect to R1, R2, and R3 is dominant. The theoretical results of R0 in Fig. 4(h) agree well with the experimental results in Fig. 4(c) . Now, we turn to comparing the results in Figs. 3 and 4 . If Δ 1 varies from negative to positive, the suppression of E F1 in Fig. 3(c) and the EIA-EIT-EIA of E 1 in Fig. 3(d) shift leftward. This is because the sublevel of the splitting level is fixed with constant value of Δ 2 . So the two-photon condition Δ 1 Δ 3 0 is matched when Δ 3 is scanned. Nevertheless, with different Δ 3 (Δ 2 ) and fixed Δ 1 , the sublevel of the splitting level moves with different Δ 3 (Δ 2 ), but the two-photon condition Δ 1 Δ 2 0 (Δ 1 Δ 3 0) is relatively invariant [26] . Therefore, the locations of the emission peak of E F1 in Fig. 4(d) as well as the suppression dips of E as [ Fig. 4(e) ] and multi-order FL [ Fig. 4(f) ] remain invariant. Figures 5(a)-5(b) show the composite FWM signals in the k 0 2 channel and the k 0 3 channel with different powers of E 1 and Δ 2 −6 GHz, Δ 3 25 GHz. When the power is low, the signal in Fig. 5(a1) is near Δ 1 ∼ 0, which should be the E F1 . In Fig. 5(a1) , an AT splitting embeds in the emission peak of Fig. 4 . Evolutions of (a) composite signal of E F1 and E F2 , (b) composite signal of E F3 and E F4 , and (c) multi-order FL signal versus Δ 2 with Δ 1 −13 GHz and E 3 blocked, Δ 3 at fixed discrete values (1) −31 GHz, (2) −10 GHz, (3) Δ 3 0 GHz, (4) 9, (5) 18 GHz, (6) 27 GHz, and (7) 2) . However, the two peaks in Fig. 5(b1) are far away. The left one is E F3 , while the right one is E F4 [which is two-photon emission in Eq. (5a)]. They are generated in two EIT windows induced by E 3 E 0 3 and E 2 E 0 2 , satisfying the conditions Δ 1 Δ 2 0 and Δ 1 Δ 3 0 in Eqs. (3) and (5a), respectively. When the power of E 1 rises, the emission of FWM signals in Figs. 5(a) and 5(b) is enhanced. But the dressing effect of E 1 becomes dominant when the power continually increases from 15 to 20 μW, so the emission peaks of them are suppressed so small that they might even disappear. Besides, with E 1 power rising, the E as signal is measured around E F4 , different from the FWM signal, the position of which is fixed (Δ 1 0) since it is generated by E 1 only [induced by Γ 10 iΔ 1 in Eq. (10b)], as shown in Figs. 5(b2)-5(b4) . If the power of E 1 is large enough, the signal disappears [ Fig. 5(b5) ] due to the self-dressing effect of E 1 . As for the multi-order signals [ Fig. 5(c) ], since the detunings Δ 2 and Δ 3 are small, the signals R1, R2, and R3 induced by terms Γ 10 iΔ 1 ; Γ 20 iΔ 1 Δ 2 , and Γ 20 iΔ 1 Δ 3 in Eqs. (67)- (8) overlap around Δ 1 0, as shown in Figs. 5(c1)-5(c5). As the power of E 1 increases, the self-dressing effect [i.e., jG 1 j 2 ∕d 1 in Eq. (6) and jG 1 j 2 ∕Γ 11 in Eqs. (6)- (8)] becomes stronger. As a result, a suppression dip appears in a decreased emission peak (the total signal R0 is composed by R1, R2, and R3) from top to bottom in Fig. 5(c) .
C. Powers Modulation
Then, two groups of composite FWM signals and multiorder FL signals are investigated by changing the power of E 2 and setting Δ 2 0, Δ 3 −81 GHz, as shown in Figs 5(d)-5(f) . When E 3 is blocked, E F1 and E F4 are generated in one EIT window induced by E 2 E 0 2 , as shown in Figs. 5(d1) and 5(e1), respectively; the total signal R0 includes R1 and R2 as shown in Fig. 5(f1) . When E 3 is on, the other invariable peak appears on the right-hand side of E F4 in Figs . For the multi-order FL signal, an inalterable emission peak (the fourth-order FL R3) is generated, which does not rely on E 2 . In order to know the multi-order FL processes in two EIT windows, we analyze R1, R2, and R3 separately. For R1, an emission peak is generated by scanning E 1 while two AT splittings are formed by E 2 E 0 2 and E 3 E 0 3 at Δ 1 Δ 2 0 and Δ 1 −Δ 3 81 GHz, respectively. When the power of E 2 increases, the AT splitting of R1 [ Fig. 5(g1) ] and the two-photon emission of R2 [ Fig. 5(g2) ] are enhanced at Δ 1 0 simultaneously. As a result, the total signal shows an emission peak at Δ 1 0 because the produced effect of R2 is stronger than the enhanced AT splitting of R1. For the same reason, the generation of R3 at Δ 1 81 GHz is dominant compared with the AT splitting of R1 induced by E 3 E 0 3 . Therefore, two emission peaks appear in the total signal R0 in Fig. 5 (g) at Δ 1 0 and Δ 1 81 GHz, respectively, which agrees well with the experimental results in Figs. 5(f2)-5(f6) .
However, the dressing effect can be directly observed if the dressing field is scanned [25] . So we investigate the self-and external-dressing effects by scanning E 2 and changing the powers of different fields.
Figures 6(a)-6(c) show two groups of composite FWM signals and multi-order FL signals versus Δ 2 by increasing the power of E 1 with Δ 1 −Δ 3 −13 GHz. The emission peak in Fig. 6(a) contributes from the combination of E F1 and E F4 determined by the term Γ 20 iΔ 1 Δ 2 in Eqs. (2) and (5a). When the power of E 1 increases, the emission peak in Fig. 6(a) becomes smaller or even disappears since the self-dressing effect of E 1 increases with higher power. In Figs 6(b1)-6(b5), the suppression dip in E F3 remains invariant due to the external-dressing term jG 2 j 2 jG 0 2 j 2 ∕d 2 in Eq. (3). But the baseline rises gradually because the signal E F3 becomes stronger when the power of E 1 increases. For the multi-order FL signal, it switches from emission peak to suppression dip, as shown in Figs 6(c1)-6(c5). When the power of E 1 is small, the emission peak is dominant, which is the two-photon FL in R2 as shown in Figs. 6(c1) and 6(c2). If the power of E 1 increases continually, the background (R1) as well as the suppression of R2 and R3, which is determined by jG 1 j 2 ∕d 2 and jG 2 j 2 ∕d 2 in Eqs. (7) and (8), respectively, increase synchronously. When the dressing effect in R2 and R3 is stronger than the emission peak of R2, the total signal R0 will be suppressed, as shown in Figs. 6(c4) and 6(c5). Now, we investigate the signals by increasing the power of E 2 . Figures 6(d1)-6(d5) show an increasing emission peak of E F1 because E 2 is the generated field for E F1 . As for E F3 , E 2 is the external-dressing field [jG 2 j 2 ∕d 2 in Eq. (3)], so the suppression dip becomes deeper in Fig. 6 (e) with larger power of E 2 . Figure 6 (f) shows an emission peak in R0, which is from R2 based on Γ 20 iΔ 1 Δ 2 in Eq. (7). The increased background contributes from the off-resonance fourth-order FL in R2.
CONCLUSION
In summary, we have investigated four FWM signals, three multi-order FL signals, and a SP-FWM signal in two EIT windows of a cascade three-level atomic system. First, by blocking different fields, these signals can be distinguished. The self-and external-dressing effects can also be controlled by the power of the probe and dressing fields, respectively. Second, through changing the frequency detunings of probe field E 1 and dressing field E 3 , the moving and fixed two-photon dressing effects accompanying the transfer between bright and dark states are discussed. Besides, using the XPM effect of the dressing field, the cross-focusing effect on the modulated probe images is obtained. Such research will play an important role in all-optical switching and communication. 
